The convective motion in deep vertically shaken beds is not continuous but occurs only during a brief portion of a cycle that roughly repeats over three periods of vibration. The convection is coordinated by a series of waves that propagate through the bed, a compression wave formed as the flask's bottom pushes upward against the bottom of the bed, and two expansion waves: a Type 1 expansion wave that is the reflection of the compression wave and a Type 2 expansion wave that forms as the flask's bottom moves away from the bottom of the bed. Convection only is observed after Type 1 expansion wave has passed the convective zone, relaxing the stresses in the bed and leaving the particles free to move. However the convective motion is confined to the region above Type 2 wave and convection disappears as a Type 2 wave passes.
I. INTRODUCTION
Convection [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] is one of the most intriguing phenomena to appear in flowing granular materials. Under vertical vibration, granular particles in the bed start to flow in a circulating pattern, starting from the top of the container, down along the walls toward the bottom, and then returning back to the top in the channel center. At the same time, waves propagate many modes, [14] [15] [16] [17] [18] [19] [20] through vibrated beds and play an important role in transporting energy within the bed, some of which powers the convective motion.
Energy is added to the bed primarily by the compression wave that forms when the bottom of the containing flask comes into contact with the bottom of the granular bed. This compresses the particle near the bottom and forms a wave that propagates upward toward the free surface, leaving in its wake, a compressed region of the bed with potential energy elastically stored in the interparticle contacts. That wave reflects from the free surface as a Type 1 expansion wave, which relaxes the interparticle stresses, resulting in an unloaded and upward-moving bed. A second Type 2 expansion wave forms as the bottom of the flask moves away from the granular bed and propagates upward through the bed; in its wake the bed is loosely packed and the particles move downward to fill the void left by the retreating bottom. As the waves provide energy to the bed, it is not surprising that there may be some connection between the wave propagation and the convection in the bed.
Previously 21 we have shown that the convection strength is strongly affected by the elastic properties of the particles and thus convection occurs within the elastic regimes of granular flow. [22] [23] [24] In particular, no convection is observed for very soft particles, the convective strength grows as the particles become stiffer, but the convection strength reaches a maximum and for very stiff particles, begins to decrease with increasing stiffness. At the same time, the stiffer the particle, the faster the elastic wavespeed. Hence changing the stiffness affects the propagation of the compression and expansion waves and thus affects the energy transmission through the bed. It is not then surprising that the stiffness affects convection, although the exact mechanisms are not yet clear.
In this work, we study a two dimensional deep granular bed in a rectangular container shaken vertically with the softparticle discrete element technique. The purpose of this study is to determine the relationship between internal waves within the bed and the convection phenomenon. This work is condensed from a Ph.D. thesis 25 and the reader is directed there for a more complete description.
II. COMPUTER SIMULATION
The simulation technique used here was described previously 21 and will only be briefly described here. The simulation uses a soft-particle discrete element method. ͑See Campbell 26 for a review of simulation methods.͒ The simulation is built around a frictional spring dashpot of the type used by Cundall and Strack, 27 the originators of this technique. The particles in this system are disks with diameters evenly distributed in a range of Ϯ25% about a mean diameter d 0 . They are put in a semi-infinite box ͑flask͒ of width W and infinite height. The box is vibrated with a sinusoidal motion, z͑t͒ = A sin͑2ft͒, where A is the amplitude of the vibration, f is the vibration frequency, and t is time. The gravitational acceleration is g. The problem is characterized by the following parameters: 
, and ⌫, where N is the number of particles in the container, p is the surface friction coefficient for particleparticle contact, w is the surface friction coefficient for particle-wall contact, is the restitution coefficient, k n is the spring stiffness in normal direction, is the particle density, g is the gravitational acceleration, d 0 is the mean particle diameter, and ⌫ = A͑2f͒ 2 / g is the ratio of maximum acceleration to the acceleration of gravity. The examples in this paper all correspond to ⌫ = 4.0, which generates the greatest convective strength in Ref. 21 and thus will most clearly demonstrate the underlying physics. Figure 1 shows the progress of the initial compression wave through the bed seen from the laboratory frame. Illustrated here are snapshots of the particle velocities represented as lines whose length is proportional to the magnitude and whose orientation signifies the direction of the local velocity. The series of pictures begins with the particle bed moving downward, just at the time when it makes contact with the bottom wall of the flask. The combination of the downward velocity of the bed and the upward velocity of the wall compresses the particles near the wall and forms the compression wave. Note that as the downward-moving material in front of the wave is rather loosely packed, while the material behind the wave is tightly packed, the bulk elastic modulus behind the wave will be larger than that in front. This is a result of the work of Bathurst and Rothenberg 28 who showed that the bulk Young's modulus E is proportional to the interparticle stiffness and the coordination number ͑the number of simultaneous contacts between a particle and its neighbors͒. As the soundspeed in an elastic medium is proportional to ͑E / ͒ 0.5 , where is the bulk density, the soundspeed is larger in the tightly compressed material behind the wave than in the loose material before it, so that the wave is forming a shock. ͑Similar observations can be found in Refs. 14-20.͒ The compression wave propagates upward through the bed carrying with it the information that the bottom wall has made contact with the bed. It can be easily observed because the velocities in front of the wave are negative, indicating that the particles there are still in free fall and have not yet sensed the contact with the bottom. Behind the wave the particles move upward, pushed by the upward motion of the bottom wall. Thus the compression wave is observed as a line of zero velocity in the bed. ͓The wave is indicated by the arrow in Fig. 2 and also apparent in the plot attached to Fig. 2͑c͒ showing the vertical velocities along the flask centerline.͔ Note that as the compression wave passes any vertical position in the bed, it presses particles against the sidewalls, which permits the walls to apply strong vertical frictional forces. This is the key to the processes that drive convection. It also explains why the compression wave is shaped concave upward; as the sidewalls are moving upward during this period, the friction drags along the particles near the sidewalls so that the wave propagates faster near the walls. Note that in the final plot ͓Fig. 1͑d͔͒ the extreme ends of the waves are beginning to turn down. At this time, more than halfway through the period, the walls are moving downward and, through the frictional interaction, pull the near-sidewall particles down with them.
III. RESULTS
When the compression wave reaches the free surface, it reflects as an expansion wave that propagates downward through the bed. This will be referred to as a "Type 1" expansion wave. Physically, the wave forms because the free surface cannot support a force, so that the residual stresses from the compression wave relax near the top of the bed. The Type 1 expansion wave is the progression of that relaxation downward through the bed. As the stresses relax, particles moved upward toward the free surface. As the bed is already moving upward, as the result of the compression wave, the Type 1 expansion wave further accelerates the upward veloc- ity. Because it propagates into the tightly packed bed ͑with correspondingly larger elastic modulus and higher wavespeed͒, it moves very rapidly, even faster than the compression wave. This wave is more difficult to observe than the compression wave because it can only be seen as an increase in the upward velocity of the bed. The wave location can be distinguished by the vertical velocity gradient dv / dy which becomes noticeably steeper when the Type 1 wave passes any given point due to the acceleration of the bed across the wave. This can be seen in the examples shown in Fig. 2 . However, the exact location is hard to discern, particularly near the walls where much of the motion has been frozen by friction. Note also that imperfections in the bed packing, which yields changes in the local elastic properties, yield spatially varying wavespeeds, so that the wavefronts are seldom flat. Eventually, the oscillating bottom of the flask pulls away from bottom of the bed. As it does so, the bottom of the bed becomes a free surface and particles will expand toward it forming the Type 2 expansion wave that propagates upward through the bed from the bottom. The Type 2 wave is easily observed as the particles above the wave move upward, while those below the wave move downward ͑see Fig. 2 for examples͒. This wave propagates in two modes, although both separate upward-moving from downward-moving particles. If the Type 1 expansion wave has not yet reached the bottom as the bed pulls away, the bed will be tightly packed near the bottom and the Type 2 wave will propagate as an elastic wave. However, if the Type 1 wave has reached the bottom, the bed will be loose and an elastic expansion wave cannot propagate. Instead the wave propagates due to the downward pull of gravity. Note from the various centerline velocity plots in Fig. 2 that the particles near the bottom of the bed will always have the smallest upward velocities. As gravity continuously pulls down all the particles, it will eventually turn all their velocities negative. However, gravity will first reverse the velocities of the particles nearest the bottom wall because they initially move the slowest. Then progressively, gravity will reverse the velocities of particles further and further up the bed until it eventually reverses the fastest moving particles at the top of the bed. In that sense, this is a gravity wave and it propagates much slower than any elastic wave. However whether or not the wave propagates in elastic or gravity mode, it is a wave that moves upward from the flask's bottom and separates upwardmoving from downward-moving particles and, thus, despite the difference in propagation mechanism, these will be collectively referred to as Type 2 expansion waves.
The elastic wavespeeds are relatively small for the softparticle case, k n / ͑gd 0 ͒ = 14 000, shown in Fig. 2 . Consequently, the bottom wall has begun to pull away for the bottom of the bed, forming the Type 2 wave, before the Type 1 wave has moved very far downward from the free surface. ͓The Type 2 wave has just begun to form at the flask's bottom in Fig. 2͑a͒ .͔ As a consequence, the two waves meet at the center of the box, shortly after Fig. 2͑b͒ . As the bed is loose behind the Type 2 wave, the Type 1 wave can propagate no further and disappears when the two waves meet. Note that the Type 2 wave is curled upward near the sidewalls because the walls are moving downward, pulling the near-sidewall particles with them; as the Type 2 wave separates upward-moving from downward-moving particles, this frictional interaction aids the propagation near the walls, making the wave curve upward. Note also that in Fig. 2͑a͒ , the Type 1 wave is nearly flat. Thus by the time of Fig. 2͑b͒ , the ends of the Type 1 wave have already been consumed by the Type 2 wave, leaving only a small portion of the wave near the center of the flask. However Fig. 2͑b͒ also indicates where the propagation of the Type 2 wave switches from elastic to the much slower gravity mode. Note that the three snapshots in Fig. 2 are separated by the same time period and that between parts a and b, the Type 2 wave has moved from the bottom to near the center of the flask, traveling as an elastic wave through the tightly packed material left by the compression wave. However once it meets the loose material in the wake of the Type 1 wave, it begins to propagate as a much slower gravity wave. The vast difference in the wavespeeds if one notices that the wave has barely moved between Figs. 2͑b͒ and 2͑c͒ in the same amount of time it took to cross half the bed between Figs. 2͑a͒ and 2͑b͒.
Larger stiffness cases will have faster wavespeeds and, as will be seen below, it is possible that the Type 1 wave will reach the flask's bottom before the Type 2 wave is generated.
In that case the Type 2 wave propagates only as a gravity wave. This will be seen in Fig. 5 to be discussed later. In Ref. 21 , it was shown that changing the particle stiffness changes the convection pattern. Average velocity plots from two of the study cases in that paper are reproduced in Fig. 3 . These correspond to k n / ͑gd 0 ͒ = 14 000 ͑the smallest stiffness study case that demonstrates convection͒ and k n / ͑gd 0 ͒ = 140 000 which showed the strongest convection. Note that for k n / ͑gd 0 ͒ = 14 000, the convection is concentrated only near the top of the bed, while for k n / ͑gd 0 ͒ = 140 000, it penetrates all the way to the bottom ͑although still stronger near the top of the bed.͒ As will be shown later, this is due to the relationship between convection and wave propagation.
Convection is not a continuous process and only occurs for a small portion of the vibration cycle. ͑As will be shown later this is a result of the pattern of wave propagation.͒ This is illustrated in Figs. 4 and 5 which show bottom wall position and stress histories as well as snapshots of the instantaneous velocity patterns for k n / ͑gd 0 ͒ = 14 000 and 140 000 over three periods of vibration. The snapshots are taken at the times marked i-xii at the bottom of the stress history plot. Note that for these as for all the cases that exhibited convection in Ref. 21 , the bottom wall stress pattern repeats over roughly three periods. By examining the velocity snapshots, the recirculating patterns that characterize convection can only be observed in the short time between the vertical dashed lines in the position and stress figures ͑plots vi-x͒ for the k n / ͑gd 0 ͒ = 14 000 and plots viii-x for the larger stiffness, k n / ͑gd 0 ͒ = 140 000. Note that in all cases, the largest of the three bottom wall stress peaks precedes the convection period.
The velocity snapshots are marked with the positions of the various waves so that it is possible to see the relationship between the wave location and the convective process. Convection follows the largest stress peak which will generate the strongest compression wave and, consequently, the strongest Type 1 expansion wave, relaxing those large compressive stresses. As a result, the combination of the two waves leaves the bed with the largest upward velocities. Ultimately, these become the upwards velocities at the center of the convection cells.
Notice that for the stiffer case, k n / ͑gd 0 ͒ = 140 000 shown in Fig. 5 , the compressive wave is not symmetric. In this case the right side of the bed has impacted the bottom, generating the wave before the left side impacts. This causes the wavefront to be angled toward the left as is clearly visible in subfigure ͑ii͒. Now, the wave propagates in the direction perpendicular to the wavefront, so that the wave travels toward the left as it moves up and actually bursts from the left side of the bed. This can be seen in subfigure ͑iii͒; at the time this snapshot is taken, the faster moving Type 1 expan- sion wave has already moved nearly halfway down the bed from the point of eruption-all while the compression wave is still within other parts of the bed. Note also that this causes the convection pattern to be asymmetric, with a noticeably stronger convection cell on the right compared to the left side. On subsequent cycles the convection roll on the left side will dominate so that, on the average, as show in Fig. 3 , the convection pattern is symmetric. Convection is only observed during the period following the passage of the Type 1 expansion wave and before the passage of the Type 2 wave. The Type 1 wave leaves the bed with two properties essential for convection. First of all, the combination of the compression wave and the Type 1 expansion wave leaves the particles with a large upward velocity that forms the upward-moving velocity at the center of the convective cells. Second, behind the Type 1 wave, the bed is loosely packed, sustaining no appreciable forces, and thus allows the particles some freedom of motion.
However, notice that convection is confined to the region above the Type 2 expansion wave. In both Figs. 4 and 5, it can be seen that as the Type 2 wave rises it progressively limits the size of the convection cells. This explains why the convection is limited to the upper portion of the bed in the k n / ͑gd 0 ͒ = 14 000 case in the average velocity plot in Fig.  3͑a͒ . Note from Fig. 4 that the Type 2 wave has formed and meets the Type 1 wave at the center of the channel. Thus the criterion that convection is only possible between Types 1 and 2 waves is only met in the upper part of the bed. At the same time, the faster wavespeed in the stiffer case, k n / ͑gd 0 ͒ = 140 000, allows the Type 1 wave to reach the bottom of the bed before the Type 2 wave forms, and convection may occur throughout the depth. However, as the Type 2 wave moves upward, it restricts the depth of the convecting material; this partially accounts for the weaker average convective strength that can be seen near the bottom of the bed in Fig. 3͑b͒ ; essentially, convection is observed near the bottom of the bed for a shorter period than near the top.
It is also clear why convection cannot survive the Type 2 wave. Remember that the Type 2 wave separates upwardmoving from downward-moving particles. Thus, behind the Type 2 wave, particles are moving downward at the center of the channel, while convection requires the central particles to move upward. That upward velocity must then disappear as the Type 2 wave passes, making convection impossible.
Note also that for k n / ͑gd 0 ͒ = 14 000, the Type 2 wave is eventually destroyed by the next strong compression wave ͑see Figs. 4, xi-xii͒.
IV. SUMMARY AND CONCLUSION
This paper has shown the connection between granular convection and wave propagation in vertically shaken granular beds. Three types of waves are observed. First in sequence is a compression wave that results from the impact of the bed with the bottom wall of the flask. This wave forms at the bottom and propagates upward through the bed, leaving in its wake upward-moving particles with highly loaded contacts. This wave generally propagates into a loose bed which is moving downward toward the bottom of the flask. As a result, the wavespeed is slower in front of the wave than in the highly compacted material behind the wave, so that the wave propagates as a shock. When it reaches the free 
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Convection in deep vertically shaken particle beds. II Phys. Fluids 20, 103302 ͑2008͒ surface, it reflects as a "Type 1" expansion wave, which travels back toward the bottom of the bed relaxing the stresses in the bed. However as the bed can only expand toward the free surface, this wave acts to accelerate the upward motion of the particles. Because it travels into the tightly packed material left by the compression wave, it travels as a high speed elastic wave. Finally when the bottom pulls away from the bed, it generates the "Type 2" expansion wave, which separates upward-moving from downward-moving particles and propagates upward from the bottom. The wave can propagate in two modes. If it is generated before the Type 1 wave reaches the bottom, it will move into a tightly packed bed as a rapidly moving elastic wave. However if the Type 1 wave has passed, leaving a loose bed in its wake, the Type 2 wave propagates as a slower moving gravity wave. Snapshots of the bed indicate that convection is not a continuous process but is only apparent for a small fraction of a single vibrational period, that is itself part of a cycle that repeats over three vibrational periods. The time at which convection is possible is controlled by the three wave types mentioned above. In particular, convection can only occur behind the Type 1 expansion wave, as that wave ͑1͒ leaves the bed in a loose state and free to move, while ͑2͒ leaving the central particles moving upward to form the central upward-moving part of the convection cell. Convection must precede the Type 2 expansion wave as all particles move downward in it wake, preventing the central upward motion required for convection. This interaction also explains why the motion for the softer case, k n / ͑gd 0 ͒ = 14 000, is confined to the top of the bed; there the soundspeed is relatively small so that Types 1 and 2 waves meet at the center of the bed; confining the convection to the area above the meeting point.
These results partly explain the effect of particle elasticity on convection. In particular, the interparticle stiffness affects the wavespeed and thus the propagation rate of the various waves. The exact mechanisms by which convection is generated will be explored in a later paper. 29 
